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Abstract
We consider asymptotic limits of q-oscillator (or Heisenberg) realizations of
Verma modules over the quantum superalgebra Uq(gl(M |N)), and obtain q-
oscillator realizations of the contracted algebras proposed in [1]. Instead of factoring
out the invariant subspaces, we make reduction on generators of the q-oscillator al-
gebra, which gives a shortcut to the problem. Based on this result, we obtain explicit
q-oscillator representations of a Borel subalgebra of the quantum affine superalgebra
Uq(gˆl(M |N)) for Baxter Q-operators.
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1 Introduction
In the context of quantum integrable systems, the Baxter Q-operator [2] is a fundamental
object. It is known that Baxter Q-operators can be constructed in terms of q-oscillator rep-
resentations of one of the Borel subalgebras of quantum affine algebras. This ‘q-oscillator
construction’ of the Q-operators was proposed by Bazhanov, Lukyanov and Zamolod-
chikov [3], and developed by many people (for instance, see [4, 5, 6, 7, 8, 9, 1, 10, 11, 12, 13]
and references therein 1 ). In particular, Bazhanov, Hibberd and Khoroshkin derived [4]
this type of q-oscillator representations as asymptotic limits of evaluation Verma modules
1As for the rational (q = 1) case, see [14, 15, 16]. There is another approach to Q-operators [17, 18, 19].
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over a Borel subalgebra of Uq(sˆl(3)). Moreover, Hernandez and Jimbo showed [20] that
the same type of q-oscillator representations can be systematically constructed by tak-
ing asymptotic limits of Kirillov-Reshetikhin modules over one of the Borel subalgebras of
any non-twisted quantum affine algebra. In addition, this approach was further developed
[21, 22] for Uq(sˆl(M |N)) case. Hernandez and Jimbo’s approach is representation theo-
retically sophisticated, but rather abstract, and thus it is still meaningful to seek another
method to obtain explicit q-oscillator realizations, which will be useful for applications to
concrete problems. In this paper, we make a proposal on this for Uq(gˆl(M |N)) case, where
we develop, in part, the scheme proposed in our previous paper [1]. In our classification
[23] of the Q-operators, there are 2M+N kinds of Q-operators for Uq(gˆl(M |N)), each of
which is labeled by a subset I of {1, 2, . . . ,M +N}. In the paper [1], we mainly consid-
ered Card(I) = 0, 1,M + N − 1,M + N cases 2. In this paper, we propose q-oscillator
realizations for 2 ≤ Card(I) ≤ M +N − 2 case.
In general, the Kirillov-Reshetikhin modules are considered to be derived from Verma
modules based on a procedure, called the BGG-resolution. This implies that one has
to factor out unnecessary invariant subspaces to get the final results if one starts from
Verma modules [4, 13]. In this paper, we also start from Verma modules, but realize
them in terms of the q-oscillator algebra based on the Heisenberg realization (q-difference
realization) of Uq(gl(M |N)) [24, 25] on the flag manifold (for N = 0 case, [26]) from
the very beginning, and then consider reduction on generators of the q-oscillator algebra,
from which we obtain various q-oscillator realizations of Uq(gl(M |N)) that interpolate
the full Verma module and the simplest q-oscillator realization, namely, the q-Holstein-
Primakoff type realization (cf. [27]). By taking limits of them, we obtain q-oscillator
realizations of contracted algebras 3 Uq(gl(M |N ; I)) for Uq(gl(M |N)) [1], and those of
the q-super-Yangian Yq(gl(M |N)) via an evaluation map. A merit to consider reduction
on the q-oscillator algebra lies in the fact that we do not have to factor out invariant
subspaces, and thereby are able to take a shortcut to the problem. We remark that the
rational limit (q → 1) of our results reproduce the L-operators for Q-operators associated
with Y (gl(M |N)) [16] (see [15] for N = 0 case).
We also remark that the q-oscillator representations of one of the Borel subalgebras of
the quantum affine algebra can not be straightforwardly extended to those of the whole
quantum affine algebra. The extended representations could be interpreted [1] as those
of contracted algebras of the original algebra. We will deal with limits of representations
of the ‘whole’ 4 quantum affine superalgebra keeping in mind applications to Q-operators
for open boundary spin chains [30, 31]. Note that the generalized q-Onsager algebra [32]
and the augmented q-Onsager algebra 5 [33, 34], which are underlying algebras for open
boundary spin chains, are realized by the generators of the whole quantum affine algebra
2We already gave q-oscillator realizations of the diagonal elements of the L-operators for any I.
3A preliminary form of the contracted algebras was proposed in [28] for (M,N) = (3, 0) case, and in
[29] for (M,N) = (2, 1) case.
4This ‘whole’ is for the Chevalley generators. In the FRT formulation of the quantum affine algebra,
we need only ‘half’ of the algebra (q-Yangian) since we only consider evaluation representations. In this
sense, we may say that we are still dealing with only one of the Borel subalgebras of the quantum affine
algebra rather than the whole algebra.
5The higher rank analogue of the augmented q-Onsager algebra has not been fully understood yet (cf.
[35]).
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rather than one of the Borel subalgebras.
The layout of the paper is the following. In section 2, we review the relevant quantum
superalgebras. In particular, q-oscillator realizations of Uq(gl(M |N)) are introduced based
on [24, 25] (and [26]). The contracted algebras Uq(gl(M |N ; I)) for Uq(gl(M |N)) [1] are
quoted as well. Section 3 deals with our main results, where limits of the q-oscillator
realizations are taken. In section 4, we take the rational limit of the our results and make
comparison with the rational L-operators for Q-operators [16]. Section 5 is for concluding
remarks. In Appendix A, commutation relations of Uq(gl(M |N)) and Uq(gl(M |N ; I)) are
summarized in our convention. In Appendix B, we transcribe the Heisenberg realization
of Uq(gl(M |N)) in [24, 25] (and [26]) in terms of the q-oscillator algebra, and review
four kinds of variations of them, one of which is used in the main text. Appendix C is
a supplement for subsection 3.2. Appendix D is a supplement for our previous paper
[1], in which q-Holsten-Primakoff realizations of Uq(gl(M |N)) are used to rederive the
L-operators for Q-operators.
Throughout this paper, we assume that the deformation parameter q is not a root of
unity, and use the following notation.
• [x]q = (q
x − q−x)/(q − q−1)
• I = {1, 2, . . . ,M +N}
• p: the Z2-grading parameter, p(i) = 0 for i ∈ B and p(i) = 1 for i ∈ F, where B is
any subset of I with Card(B) =M , and F = I \B.
• pi = (−1)
p(i) for i ∈ I
• [·, ·]q: q-super-commutator, [X, Y ]q = XY − (−1)
p(X)p(Y )qY X , [X, Y ]1 = [X, Y ]
• Eij : the (M+N)×(M+N) matrix unit with the parity p(Eij) = p(i)+p(j) mod 2.
The (k, l)-element of it is δi,kδj,l.
• θ: the function defined by θ(True) = 1 and θ(False) = 0
• ⊗: the super (graded) tensor product, (A ⊗ B)(C ⊗D) = (−1)p(B)p(C)(AC ⊗ BD)
for homogeneous elements
• ni,[b,c] =
∑c
j=b ni,j, n[b,c],i =
∑c
j=b nj,i, nI,i =
∑
j∈I nj,i, ni,I =
∑
j∈I ni,j, p[b,c] =∑c
j=b pj, pI =
∑
j∈I pj for I ⊂ I.
2 Quantum superalgebras
In this section, we review the quantum affine superalgebra Uq(gˆl(M |N)), the quantum
finite algebra Uq(gl(M |N)) and the contracted algebras Uq(gl(M |N ; I)) for it.
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2.1 The quantum affine superalgebra Uq(gˆl(M |N))
The quantum affine superalgebra Uq(gˆl(M |N)) [36] (see also [37]) is a Z2-graded Hopf
algebra generated by the generators 6 ei, fi, ki, where i ∈ I. We assign the parity for these
generators as p(ei) = p(fi) = p(i)+ p(i+1) mod 2 and p(ki) = 0, where p(M +N +1) =
p(1). For any X, Y ∈ Uq(gˆl(M |N)), we define p(XY ) = p(X)+p(Y ) mod 2. For i, j ∈ I,
the defining relations of the algebra Uq(gˆl(M |N)) are given by
[ki, kj] = 0, [ki, ej] = (δij − δi,j+1)ej , [ki, fj] = −(δij − δi,j+1)fj, (2.1)
[ei, fj] = δij
qhi − q−hi
q − q−1
, (2.2)
[ei, ej ] = [fi, fj ] = 0 for aij = 0, (2.3)
where hi = piki − pi+1ki+1; (aij)1≤i,j≤M+N is the Cartan matrix
aij = (pi + pi+1)δij − pi+1δi,j−1 − piδi,j+1. (2.4)
Here i, j should be interpreted modulo M + N : pM+N+1 = p1, δi,M+N+1 = δi,1, δi,0 =
δi,M+N . In addition to the above relations, there are Serre relations (see [36], for more
details). The algebra also has the co-product, anti-poide and co-unit, which will not be
used in this paper.
The Borel subalgebras B+ (resp. B−) is generated by ei, ki (resp. fi, ki), where i ∈ I.
For any ci ∈ C (multiplied by a unit element), the following transformation
ki 7→ ki + pici for i ∈ I (2.5)
gives the shift automorphism of the Borel subalgebras B+ or B−.
2.2 The quantum superalgebra Uq(gl(M |N))
There is a (finite) quantum superalgebra Uq(gl(M |N)), which is generated by the elements
{eij}i,j∈I. We assign the parity of these generators as p(eij) = p(i) + p(j) mod 2. Let us
introduce the notation: eαi = ei,i+1, e−αi = ei+1,i for i ∈ I \ {M +N}. Then the defining
relations of Uq(gl(M |N)) are (cf. [38])
[eii, ejj] = 0, [eii, e±αj ] = ±(δi,j − δi,j+1)e±αj ,
[eαi , e−αj ] = piδij
qpieii−pi+1ei+1,i+1 − q−pieii+pi+1ei+1,i+1
q − q−1
,
[eαi , eαj ] = [e−αi , e−αj ] = 0 for |i− j| ≥ 2, (2.6)
[eαi , [eαi , eαj ]q]q−1 = [e−αi , [e−αi , e−αj ]q−1]q = 0 for |i− j| = 1 and p(e±αi) = 0,
[e±αi , e±αi ] = 0,
[eαi , [eαi+1 , [eαi , eαi−1 ]q−1 ]q] = [e−αi , [e−αi+1 , [e−αi , e−αi−1 ]q]q−1 ] = 0 for p(e±αi) = 1.
6In this paper, we do not use the degree operator d. We will only consider level zero representations.
The notations e0, f0 in the previous paper [1] correspond to eM+N , fM+N in this paper.
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The other elements are defined by
eij = [eik, ekj]qpk for i > k > j,
eij = [eik, ekj]q−pk for i < k < j.
(2.7)
We summarize the relations among these elements in Appendix A. There is an evaluation
map evx: Uq(gˆl(M |N)) 7→ Uq(gl(M |N)):
eM+N 7→ xq
−p1e11eM+N,1q
−pM+NeM+N,M+N ,
fM+N 7→ pM+Nx
−1qpM+NeM+N,M+N e1,M+Nq
p1e1,1,
ei 7→ ei,i+1, fi 7→ piei+1,i for i ∈ I \ {M +N},
ki 7→ eii for i ∈ I,
(2.8)
where x ∈ C \ {0} is a spectral parameter.
2.3 q-oscillator realizaiton of Uq(gl(M |N))
In [25, 24], a q-difference (Heisenberg) realization of Uq(sl(M |N)) was proposed (see [26]
for Uq(sl(M)) case). In this paper, we transcribe their results for Uq(gl(M |N)) case in
terms of the q-oscillator algebra (the exact relation to their convention is encapsulated in
Appendix B).
The q-oscillator (super)algebra 7 is generated by the generators {cia, c
†
ia,nia}i,a∈I,i<a,
whose parities are defined by p(cia) = p(c
†
ia) = p(a)+ p(i) mod 2, p(nia) = 0. They obey
the following defining relations:
[cia, c
†
jb]qpaδabδij = δabδijq
−pinia , [cia, c
†
jb]q−paδabδij = δabδijq
pinia ,
[nia, cjb] = −δijδabcjb, [nia, c
†
jb] = δijδabc
†
jb, [nia,njb] = [cia, cjb] = [c
†
ia, c
†
jb] = 0.
(2.9)
From (2.9), one can derive useful relations 8 : ciac
†
ia = [1 + pipania]q, c
†
iacia = [nia]q,
qpiniacia = q
paniacia and c
†
iaq
pinia = c†iaq
pania . The Fock space is spanned by the vectors
|{njb}j,b∈I,j<b〉 =
−−−−→
M+N−1∏
j=1
−−→
M+N∏
b=j+1
(c†jb)
njb |0〉, (2.10)
where njb ∈ Z≥0 for pjpb = 1 and njb ∈ {0, 1} for pjpb = −1, and the vacuum vector is
defined by
nia|0〉 = cia|0〉 = 0 for all i, a ∈ I, i < a. (2.11)
7
cia in this paper corresponds to cai in our previous paper [1].
8Let us consider the case pi = −pa. In this case, (cia)
2 = 0 holds. Then the relation 0 = c†ia(cia)
2 =
[nia]qcia reduces to q
niacia = q
−niacia, which is equivalent to q
piniacia = q
paniacia. Note that this
becomes a trivial identity for the case pi = pa. The relation c
†
iaq
pinia = c†iaq
pania can be derived
similarly.
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The action of the generators on |{njb}〉 = |{njb}j,b∈I,j<b〉 is
c†ia|{njb}〉 = (−1)
∑
k<i
∑
k<d nkd(p(i)+p(a))(p(k)+p(d))+
∑
i<d<a nid(p(i)+p(a))(p(i)+p(d))|{njb + δijδab}〉,
cia|{njb}〉 = (−1)
∑
k<i
∑
k<d nkd(p(i)+p(a))(p(k)+p(d))+
∑
i<d<a nid(p(i)+p(a))(p(i)+p(d))
× [1 + (−1)p(i)+p(a)(nia − 1)]q|{njb − δijδab}〉,
nia|{njb}〉 = nia|{njb}〉.
(2.12)
For λi ∈ C (i ∈ I), Uq(gl(M |N)) is realized by
eii = λi + n[1,i−1],i − ni,[i+1,M+N ] for i ∈ I,
ei,i+1 =
i−1∑
k=1
c†kick,i+1
× q−piλi+pi+1λi+1−pin[k+1,i−1],i+pi+1n[k+1,i],i+1+pini,[i+1,M+N]−pi+1ni+1,[i+2,M+N]
+ pici,i+1
[
piλi − pi+1λi+1 − pini,[i+1,M+N ] + pi+1ni+1,[i+2,M+N ] + pi
]
q
− pi
M+N∑
k=i+2
pkcikc
†
i+1,kq
piλi−pi+1λi+1−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1, (2.13)
ei+1,i = c
†
i,i+1q
pin[1,i−1],i−pi+1n[1,i−1],i+1 +
i−1∑
k=1
c†k,i+1ckiq
pin[1,k−1],i−pi+1n[1,k−1],i+1
for i ∈ I \ {M +N}.
In principal, one can recursively calculate all the generators eij for |i − j| ≥ 2 based on
the relations (2.7). However, their general expressions are very involved. Fortunately, ei1
is tractable and has a simple expression (cf. [26] for M = 0 case):
ei1 = c
†
1iq
−p1n1,[2,i−1] for i ∈ I \ {1}. (2.14)
On the Fock space, (2.13) realizes a highest weight representation 9 piλ with the highest
weight λ = (λ1, λ2, . . . , λM+N) and the highest weight vector |0〉 satisfying
10
eii|0〉 = λi|0〉 for i ∈ I, eαj |0〉 = 0 for j ∈ I \ {M +N}. (2.15)
The composition piλ ◦ evx gives an evaluation representation of Uq(gˆl(M |N)). Let us
consider reduction of the q-oscillator algebra in (2.13). Fix parameters a ∈ {0, 1, . . . ,M+
9According to [26], (B1) (which can be transformed to (2.13)) gives a Verma module at least for N = 0
case. In fact, the action of the generators (2.13) on the vector |{njb}〉 (2.10) for N = 0 coincides with the
one given by eqs. (4.3)-(4.6) in [13] for N = 0 case under the transformation q → q−1. Moreover, piλ is
expected to be a Verma module of Uq(gl(M |N)) for any M,N since the Verma module has a PBW basis
in almost the same form as (2.10) (if c†jb is replaced by ebj) [we thank the referee for this comment].
10More generally, ejk|λ〉 = 0 for j < k follows from (2.7).
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N} and µ ∈ C, and define a set by I = {a + 1, a + 2, . . . ,M + N}. We find that (2.13)
still realizes Uq(gl(M |N)) even if we apply the following replacement:
cij 7→ 0, c
†
ij 7→ 0, nij 7→ 0, λi 7→ piµ for i, j ∈ I. (2.16)
This fact is remarked in [26] for N = 0, a = 1, µ = 0 case, where (2.13) reduces to a
q-analogue of the Holstein-Primakoff realization (cf. [27]). One can easily calculate all
the generators eij for a = 1 case through (2.7).
e11 = λ1 − n1,I , eii = piµ+ n1i for i ∈ I,
e1j = p1c1j [p1λ1 − µ− p1n1,[2,M+N ] + p1]qq
p1n1,[2,j−1] for j ∈ I,
eij = c
†
1ic1jq
p1n1,[i+1,j−1] for 2 ≤ i < j, (2.17)
ei1 = c
†
1iq
−p1n1,[2,i−1] for i ∈ I.
eij = c
†
1ic1jq
−p1n1,[j+1,i−1] for 2 ≤ j < i.
2.4 FRT realization of Yq(gl(M |N))
The quantum affine superalgebra Uq(gˆl(M |N)) (and its subalgebra Uq(gl(M |N))) has an-
other realization, called FRT realization [39] (see also, [40, 41]), based on the Yang-Baxter
relation. One of the merits of this realization is that all the relations among the generators
can be expressed in a unified manner independent of M,N and the grading parameters
p(i). While in the realization based on the Chevalley generators, which we mentioned in
subsections 2.1 and 2.2, the form of the Serre type relations depends sensitively on M,N
and p(i), and it is rather cumbersome to write down all the necessary relations without
omission. In this sense, the FRT realization, which we are going to explain, supersedes
the previous ones.
The quantum affine superalgebra Uq(gˆl(M |N)) has a subalgebra called q-super-
Yangian Yq(gl(M |N)). It is generated by the generators {L
(n)
ij |i, j ∈ I, n ∈ Z≥0} obeying
the Yang-Baxter relation 11
R23(xy−1)L13(y)L12(x) = L12(x)L13(y)R23(xy−1), (2.18)
L(x) =
M+N∑
i,j=1
Lij(x)⊗ Eij , Lij(x) =
∞∑
n=0
L
(n)
ij x
−n,
L
(0)
ij = 0 for 1 ≤ i < j ≤M +N, (2.19)
R(x) = R− xR, (2.20)
R =
M+N∑
i=1
qpiEii ⊗Eii +
∑
i 6=j
Eii ⊗Ejj + (q − q
−1)
∑
i<j
pjEij ⊗Eji,
11We will use the notation A12 =
∑
i ai ⊗ bi ⊗ 1, A
13 =
∑
i ai ⊗ 1 ⊗ bi, A
23 =
∑
i 1 ⊗ ai ⊗ bi for an
element of the form A =
∑
i ai ⊗ bi.
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R =
M+N∑
i=1
q−piEii ⊗ Eii +
∑
i 6=j
Eii ⊗Ejj − (q − q
−1)
∑
i>j
pjEij ⊗ Eji.
where x, y ∈ C. The parity of the generator is defined by p(L
(n)
ij ) = p(L
(n)
ij ) = p(i) + p(j)
mod 2. Here we assume that the elements {L
(0)
ii |i ∈ I} are invertible. R(x) is the R-matrix
for the Perk-Schultz model [42] (see [43] for N = 0 case).
For any c ∈ C \ {0},
L(x) 7→ L(cx), (2.21)
gives an automorphism of Yq(gl(M |N)). Note that the following transformation (multi-
plication of diagonal matrices in the second space)
L(x) 7→ (1⊗HL)L(x)(1⊗HR),
HL =
∑
i
H
(i)
L Eii, HR =
∑
i
H
(i)
R Eii, H
(i)
L ,H
(i)
R ∈ C \ {0} (2.22)
keeps the relations (2.19) and (2.18) unchanged.
2.5 FRT realization of Uq(gl(M |N))
The quantum affine superalgebra Uq(gˆl(M |N)) has a finite subalgebra Uq(gl(M |N)). It
is generated by the generators {Lij,Lij , |i, j ∈ I} obeying the relations
Lij = Lji = 0, for 1 ≤ i < j ≤M +N (2.23)
LiiLii = LiiLii = 1 for i ∈ I, (2.24)
R23L13L12 = L12L13R23, (2.25)
R23L
13
L
12
= L
12
L
13
R23, (2.26)
R23L13L
12
= L
12
L13R23, (2.27)
L =
M+N∑
j,k=1
Lkj ⊗ Ekj, L =
M+N∑
j,k=1
Lkj ⊗Ekj ,
where the parity of the generators is defined by p(Lij) = p(Lij) = p(i)+p(j) mod 2. The
coefficients are related to the generators (2.7) as (cf. [44])
Lii = q
pieii , Lii = q
pieii , (2.28)
Lij = pi(q − q
−1)ejiq
pjejj for i > j, (2.29)
Lij = −pi(q − q
−1)q−pieiieji for i < j, (2.30)
where eii = −eii. There is an evaluation map from Yq(gl(M |N)) to Uq(gl(M |N)) such
that
L(x) 7→ L(x) = L− Lx−1. (2.31)
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The L-operator L(x) satisfies the following Yang-Baxter relation, which is the image of
(2.18) under this map (2.31).
R23(xy−1)L13(y)L12(x) = L12(x)L13(y)R23(xy−1). (2.32)
We will repeatedly use the transformation (2.22), which preserves the Yang-Baxter rela-
tion (2.32) under the evaluation map (2.31).
2.6 Contraction of Uq(gl(M |N))
Let us take a subset I of the set I and its complement set I := I \ I. There are 2M+N
choices of the subsets in this case. Corresponding to the set I, we consider 2M+N kinds
of representations of the q-superYangian. For this purpose, we consider 2M+N kinds
of contractions of Uq(gl(M |N)). At first, we modify the condition (2.24) and define a
contracted algebra as follows.
The contracted algebra U˜q(gl(M |N ; I)) is an associative algebra over C with a unit
element 1 and generators Lij , Lij obeying the relations (2.23), (2.25)-(2.27) and
LiiLii = LiiLii = 1 for i ∈ I, (2.33)
Lii = 0 for i ∈ I. (2.34)
In addition, we assume the existence of an inverse element L−1ii of Lii for any i ∈ I.
LiiL
−1
ii = L
−1
ii Lii = 1. (2.35)
We remark that L−1ii coincides with Lii only for i ∈ I. Then we obtain 2
M+N kinds
of algebraic solutions of the graded Yang-Baxter equation through the map (2.31). In
addition to the contraction (2.34), we introduce the following subsidiary contraction and
define a contracted algebra which is smaller than U˜q(gl(M |N ; I)).
Suppose the set I has the form I = {k+1, k+2, . . . , k+n} for some k ∈ Z≥0, n ∈ Z>0,
then the contracted algebra Uq(gl(M |N ; I)) [1] is defined by adding the following relations
to U˜q(gl(M |N ; I)).
Lij = 0 for k + n < i ≤ M +N and 1 ≤ j ≤ k, (2.36)
Lij = 0 for 1 < i < j ≤ k or k + n < i < j ≤M +N. (2.37)
The contracted algebras can be realized in terms of the generators eij . They are related
to the non-zero elements Lij , Lij through (2.28)-(2.30). The conditions corresponding to
(2.33)-(2.35) are given by
qpieii = 0 for i ∈ I, eii = −eii for i ∈ I. (2.38)
The conditions corresponding to (2.36) and (2.37) are given by
eji = 0 for k + n < i ≤ M +N and 1 ≤ j ≤ k, or
1 < i < j ≤ k, or k + n < i < j ≤ M +N.
(2.39)
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In the main text, we will focus 12 on the case k = M + N − n. We remark that the
contracted algebra Uq(gl(3|0; I)) for |I| = 1, 2 in terms of the generators eij was proposed
by Bazhanov and Khoroshkin [28] (see, Appendix A). The case Uq(gl(2|1; I)) was also
proposed in [29]. We also note that the q-oscillator algebra can be obtained from a
contraction procedure of the quantum algebra Uq(sl(2)) [45].
2.7 Representations of Yq(gl(M |N))
Then combining (2.7), (2.13), (2.31) and (2.28)-(2.30), we obtain a q-oscillator realization
of Yq(gl(M |N)). In particular, on the Fock space, this gives a highest weight representa-
tion with the highest weight |0〉 obeying
Lii(x)|0〉 = (q
piλi − x−1q−piλi)|0〉 for i ∈ I, (2.40)
Lij(x)|0〉 = 0 for i > j, i, j ∈ I. (2.41)
The map (2.31) also gives an evaluation map from Yq(gl(M |N)) to Uq(gl(M |N ; I)) or
U˜q(gl(M |N ; I)) if the matrix elements of L and L are replaced by the ones for the corre-
sponding contracted algebra.
3 Asymptotic representations of Yq(gl(M |N))
In this section, we will consider asymptotic representations of Yq(gl(M |N)).
3.1 General strategy
We will combine the transformations (2.21) and (2.22), which preserve the Yang-Baxter
relation (2.18) under (2.31), namely (2.32), and consider limits of the L-operator. This
realizes the contracted algebra and asymptotic representations of the q-super-Yangian on
the Fock space. We will also make reductions on generators of the q-oscillator algebra in
order to remove the parts which do not have essential contribution on the action on the
Fock space.
We consider the case I = {a + 1, a + 2, . . . ,M + N}, I = I \ I. In components,
L˜(x) = L(x)(1 ⊗ q−
∑
i∈I
piλiEii) can be written as
L˜ij = q
−pjλjθ(j∈I)Lij , L˜ij = q
−pjλjθ(j∈I)Lij , (3.1)
where L˜(x) = L˜ − x−1L˜ =
∑
i,j∈I(L˜ij − x
−1L˜ij) ⊗ Eij . We can translate this through
(2.28)-(2.30) in the form
e˜ii = eii − λiθ(i ∈ I), q
pie˜ii = qpieii−piλiθ(i∈I) = q−pie˜ii−2piλiθ(i∈I),
e˜ij = eij for i < j,
e˜ij = q
−piλiθ(i∈I)−pjλjθ(j∈I)eij for i > j.
(3.2)
12We expect that the other cases can be obtained from this case by using automorphisms of
Uq(gl(M |N)) or Uq(gˆl(M |N)) taking note on the fact that they are no longer automorphisms of the
contracted algebras. This remains to be clarified.
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where eii = −eii, and the symbol˜ is assigned to each element in (2.28)-(2.30). Then we
find that (3.1) with (3.2) and (2.13) realize Uq(gl(M |N ; I)) in the limit
13
|λi| → ∞ for all i ∈ I under the condition q
−piλi+pi+1λi+1 → 0. (3.3)
Here we assume that q is a constant parameter with the condition |q| 6= 1. In particular,
q−piλi → 0 holds for any i ∈ I. This type of limit for evaluation Verma modules over B+
for M = 3, N = 0, a = 2 case and M > 3, N = 0, a = M − 1 case was considered in
[4] and [13], respectively. Now, on the Fock space, the evaluation map 14 (2.31) gives a
highest weight representation of Yq(gl(M |N)) with the highest weight |0〉 obeying
Lii(x)|0〉 = |0〉 for i ∈ I, Lii(x)|0〉 = (q
piλi − x−1q−piλi)|0〉 for i ∈ I,
Lij(x)|0〉 = 0 for i > j, i, j ∈ I.
(3.4)
As a variant 15 of the above, we can consider the case
λi = pim for i ∈ I, (3.8)
and take the limit |m| → ∞ under the condition q−m → 0. This also realizes
Uq(gl(M |N ; I)). We remark that the above two types of limits give the same result
after reductions on generators of the q-oscillator algebra.
3.2 q-oscillator realization of contracted algebras
Now we demonstrate the general strategy based on the q-oscillator realization (2.13). We
consider the case I = {a + 1, a + 2, . . . ,M + N}, I = I \ I. Let us apply the following
automorphism of the q-oscillator algebra to (2.13) and (2.14).
cij 7→ q
−piλiθ(i∈I)+pjλjθ(j∈I)cij, c
†
ij 7→ q
piλiθ(i∈I)−pjλjθ(j∈I)c†ij, nij 7→ nij . (3.9)
13We also need a fine tune on the normalization of the generators of the q-oscillator algebra.
14in the sense L(x) 7→ lim L˜(x)
15 The other option is to consider L˜(x) = L(xq−2m)(1 ⊗ q−m
∑
i∈I
Eii) [cf. eq. (3.79) in [1]]. In
components, this can be written as
L˜ij = q
−mθ(j∈I)Lij , L˜ij = q
m(2−θ(j∈I))Lij . (3.5)
We can translate this through (2.28)-(2.30) in the form
e˜i,i = ei,i − pimθ(i ∈ I), q
e˜i,i = qei,i+pim(2−θ(i∈I)),
e˜i,j = ei,j for i < j, e˜i,j = q
m(2−θ(i∈I)−θ(j∈I))ei,j for i > j.
(3.6)
(In eq.(3.25) in [1], we did not interpret the factor q−pieii as qpieii . If we did it, we would have obtained
e˜i,j = q
m(θ(j∈I)−θ(i∈I))ei,j for i > j.) Then for the parameters be set as
λi → pim+ λi for i ∈ I, and λi → 0 for i ∈ I, (3.7)
(3.5) with (3.6) and (2.13) realize Uq(gl(M |N ; I)) in the limit q
m → 0. See Appendix D.
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Then in the limit (3.3), (3.2) reduces to
eii = λiθ(i ∈ I) + n[1,i−1],i − ni,[i+1,M+N ], q
pieii = θ(i ∈ I)q−pieii for i ∈ I,
ei,i+1 = pi(q − q
−1)−1ci,i+1q
−pi+1λi+1θ(i+1∈I)−pini,[i+1,M+N]+pi+1ni+1,[i+2,M+N]+pi
− pi
M+N∑
k=i+2
pkcikc
†
i+1,kq
−pi+1λi+1θ(i+1∈I)−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1
for i ∈ I,
ei,i+1 =
i−1∑
k=1
c†kick,i+1
× q−piλi+pi+1λi+1−pin[k+1,i−1],i+pi+1n[k+1,i],i+1+pini,[i+1,M+N]−pi+1ni+1,[i+2,M+N]
+ pici,i+1
[
piλi − pi+1λi+1 − pini,[i+1,M+N ] + pi+1ni+1,[i+2,M+N ] + pi
]
q
(3.10)
− pi
M+N∑
k=i+2
pkcikc
†
i+1,kq
piλi−pi+1λi+1−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1,
for i, i+ 1 ∈ I,
ei+1,i = 0 for i, i+ 1 ∈ I,
ei+1,i = c
†
i,i+1q
pin[1,i−1],i−pi+1n[1,i−1],i+1 +
i−1∑
k=1
c†k,i+1ckiq
pin[1,k−1],i−pi+1n[1,k−1],i+1
for i+ 1 ∈ I,
ei1 = θ(i ∈ I)c
†
1iq
−p1n1,[2,i−1] for i ∈ I \ {1},
where the limit of e˜ij is denoted again as eij. We remark that the relation eii = −eii holds
only for i ∈ I after the limit, and qpieii = 0 for i ∈ I means that the contraction Lii = 0
for i ∈ I occurs in the limit (eii for i ∈ I diverges and does not exist). Moreover, taking
note on the relation (2.7) in the limit, one can show
eij = 0 for i, j ∈ I, i > j. (3.11)
The other elements eij can be obtained in two steps: {eij}i<j follow from {ei,i+1}
M+N−1
i=1
based on (A4) recursively; {eic}i∈I,2≤c≤i−1 follow from {ei1}i∈I , {eii}i∈I and {e1c}c≥2 via
(A11). Then one can calculate:
eij = [ei,i+1, [ei+1,i+2, . . . , [ej−2,j−1, ej−1,j]q−pj−1 . . . ]q−pi+2 ]q−pi+1 for i < j, (3.12)
eic = q
−p1e11+pcecc [ei1, e1c]
= q−p1e11+pcecc [ei1, [e12, [e23, . . . , [ec−2,c−1, ec−1,c]q−pc−1 . . . ]q−p3 ]q−p2 ]
for i ∈ I, 2 ≤ c ≤ i− 1. (3.13)
We also remark that {ei1}i∈I,2≤i<M+N follow from eM+N,1 based on (A12):
ei1 = [ei,M+N , eM+N,1]q
−pM+NeM+N,M+N+pieii
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= [[ei,i+1, [ei+1,i+2, . . . , [eM+N−2,M+N−1, eM+N−1,M+N ]q−pM+N−1 . . . ]q−pi+2 ]q−pi+1 , eM+N,1]
× q−pM+NeM+N,M+N+pieii for i ∈ I, 2 ≤ i < M +N. (3.14)
Thus we need only {ei,i+1}1≤i≤M+N−1, {eii}1≤i≤M+N and eM+N,1 to calculate all the matrix
elements of the L-operator in (2.31) with (2.28)-(2.30), (2.38) and (2.39). The expression
already (3.10) realizes the contracted algebra Uq(gl(M |N); I). We can simplify this more
by removing the unnecessary parts. All the elements of the q-oscillator algebra super-
commute among themselves if they have different indices. Thus the action of the terms
containing any of the operators in {cij}i,j∈I and {c
†
ij}i,j∈I vanishes on the vacuum vector.
Then we drop these terms from (3.10) by formally setting 16
cij 7→ 0, c
†
ij 7→ 0, nij 7→ 0 for i, j ∈ I, (3.15)
to get
eii = −ni,I , q
pieii = 0 for i ∈ I,
eii = λi + n[1,i−1],i − ni,[i+1,M+N ], eii = −eii for i ∈ I,
ei,i+1 = −pi
∑
k∈I
pkcikc
†
i+1,kq
−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1
for i, i+ 1 ∈ I,
ei,i+1 = pi(q − q
−1)−1ci,i+1q
−pi+1λi+1−pini,[i+1,M+N]+pi+1ni+1,[i+2,M+N]+pi
− pi
M+N∑
k=i+2
pkcikc
†
i+1,kq
−pi+1λi+1−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1
for i ∈ I, i+ 1 ∈ I, (i = a),
ei,i+1 =
i−1∑
k=1
c†kick,i+1
× q−piλi+pi+1λi+1−pin[k+1,i−1],i+pi+1n[k+1,i],i+1+pini,[i+1,M+N]−pi+1ni+1,[i+2,M+N] (3.16)
+ pici,i+1
[
piλi − pi+1λi+1 − pini,[i+1,M+N ] + pi+1ni+1,[i+2,M+N ] + pi
]
q
− pi
M+N∑
k=i+2
pkcikc
†
i+1,kq
piλi−pi+1λi+1−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1,
for i, i+ 1 ∈ I,
eij = 0 for i, j ∈ I, i > j,
ei+1,i = c
†
i,i+1q
−pi+1n[1,i−1],i+1 for i ∈ I, i+ 1 ∈ I, (i = a),
ei+1,i = c
†
i,i+1q
pin[1,i−1],i−pi+1n[1,i−1],i+1 +
i−1∑
k=1
c†k,i+1ckiq
pin[1,k−1],i−pi+1n[1,k−1],i+1
16The action of nij also vanishes if there is no action of c
†
ij .
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for i, i+ 1 ∈ I,
ei1 = c
†
1iq
−p1n1,[a+1,i−1] for i ∈ I, i > 1.
This expression (3.16) (with (3.12) and (3.13)) realizes the contracted algebra
Uq(gl(M |N); I) and gives an evaluation representation of the q-super-Yangian satisfying
(3.4) through (2.28)-(2.31) (see (C1)). We remark that an additional condition njb = 0
for j, b ∈ I should be imposed on (2.10) in accordance with the reduction (3.15).
Next we consider the case λi = piµ for i ∈ I. We start from (2.13) with the reduction
(2.16) and repeat the same procedure to derive (3.16) from (2.13) [we use (3.2), (3.3),
(3.9) and (3.15)], to get
eii = −ni,I , q
pieii = 0 for i ∈ I,
eii = piµ+ nI,i, eii = −eii for i ∈ I,
ei,i+1 = −pi
∑
k∈I
pkcikc
†
i+1,kq
−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1
for i, i+ 1 ∈ I,
ei,i+1 = pi(q − q
−1)−1ci,i+1q
−µ−pini,I+pi for i ∈ I, i+ 1 ∈ I, (i = a),
ei,i+1 =
∑
k∈I
c†kick,i+1q
−pin[k+1,a],i+pi+1n[k+1,a],i+1 for i, i+ 1 ∈ I, (3.17)
eij = 0 for i, j ∈ I, i > j,
ei+1,i = c
†
i,i+1q
−pi+1n[1,i−1],i+1 for i ∈ I, i+ 1 ∈ I, (i = a),
ei+1,i =
∑
k∈I
c†k,i+1ckiq
pin[1,k−1],i−pi+1n[1,k−1],i+1 for i, i+ 1 ∈ I,
ei1 = c
†
1iq
−p1n1,[a+1,i−1] for i ∈ I, 1 ∈ I, i > 1.
This expression (3.17) (with (3.12) and (3.13)) realizes the contracted algebra
Uq(gl(M |N); I) and gives an evaluation representation of the q-super-Yangian satisfy-
ing (3.4) with λi = piµ for i ∈ I through (2.28)-(2.31) (see (C2)). We remark that this
is equivalent to (3.16) with the reduction (2.16). We find that (3.17) for µ = 0 gives q-
oscillator representations for Baxter Q-operators. Substituting these into (2.8), we obtain
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q-oscillator realization of a contracted algebra for Uq(gˆl(M |N)):
ki = −ni,I for i ∈ I, ki = piµ+ nI,i for i ∈ I,
ei = −pi
∑
k∈I
pkcikc
†
i+1,kq
−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1
for i, i+ 1 ∈ I,
ei = pi(q − q
−1)−1ci,i+1q
−µ−pini,I+pi for i ∈ I, i+ 1 ∈ I, (i = a),
ei =
∑
k∈I
c†kick,i+1q
−pin[k+1,a],i+pi+1n[k+1,a],i+1 for i, i+ 1 ∈ I,
eM+N = xc
†
1,M+Nq
p1−µ+p1n1,M+N−pM+NnI,M+N ,
(3.18)
and
fi = 0 for i+ 1 ∈ I,
fi = pic
†
i,i+1q
−pi+1n[1,i−1],i+1 for i ∈ I, i+ 1 ∈ I, (i = a),
fi = pi
∑
k∈I
c†k,i+1ckiq
pin[1,k−1],i−pi+1n[1,k−1],i+1 for i, i+ 1 ∈ I,
fM+N = pM+Nx
−1qpM+NkM+N [e1, [e2, . . . , [eM+N−2, eM+N−1]q−pM+N−1 . . . ]q−p3 ]q−p2q
p1k1,
(3.19)
where 1 ∈ I,M + N ∈ I is assumed. In fact, these satisfy the following contracted
commutation relations (cf. eq.(3.85) in [1]) instead of the relations (2.2).
[ei, fj] = δij
θ(i+ 1 ∈ I)qhi − θ(i ∈ I)q−hi
q − q−1
, hi = piki − pi+1ki+1, i, j ∈ I, (3.20)
where M + N + 1 ≡ 1. The other relations (2.1) and (2.3) (and Serre type relations)
remain valid. In addition, simplified Serre type relations may also hold (see [4] for B+ of
Uq(sˆl(3)), and [1] for Uq(gˆl(M |N)) case). In particular, (3.18) realizes the Borel subalgebra
B+ of the quantum affine superalgebra Uq(gˆl(M |N)). On the Fock space, this gives q-
oscillator representations for Baxter Q-operators. In fact, special cases of (3.18) (in
different conventions) can be seen, for example in: [3]: for I = {2}, M = 2, N = µ = 0;
[4]: for I = {2, 3}, {3},M = 3, N = µ = 0; [7] for I = {2, 3, . . . ,M}, {M} and N = µ = 0;
[8]: for I = {2, 3}, {3}, M = 2, N = 1, µ = 0; [1] for I = {2, 3, . . . ,M +N}, {M +N} and
µ = 0, N,M > 0. In addition, the result of [7] ((3.18) for I = {M} and N = µ = 0) was
rederived 17 in [13] by taking asymptotic limit of a Verma module of B+ and factoring
out invariant subspaces. Moreover, the same type of representations of B+ can be derived
17 Set cj,M = (q−q
−1)qHj+1ε∗j , c
†
j,M = εj, nj,M = Hj for 1 ≤ j ≤M−1, and apply the automorphism
of B+: e1 7→ tq
− 1
2 e1, ej 7→ q
− 1
2 ej for 2 ≤ j ≤ M − 2, eM−1 7→ q
−1eM−1, eM 7→ x
−1q−1eM , hj 7→ hj for
1 ≤ j ≤ M to (3.18) for I = {M} and N = µ = 0 (we use the Cartan elements hi in (3.20); ε
∗
j , εj,Hj , t
are symbols in [7]). Then one obtains eq. (2.2) in [7] after the transformation q → q−1 (Note that N in
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systematically as asymptotic limit of Kirillov-Reshetikhin modules (see [20] for N = µ = 0
case, and [21, 22] for M,N > 0, µ = 0 case).
It is easy to calculate all the generators of Uq(gl(M |N ; I)) explicitly for a = 1 and
M +N − 1 from (3.17).
The case a = 1, I = {2, 3, . . . ,M +N}:
e11 = −n1,I , eii = piµ+ n1i for i ∈ I,
e1j = p1(q − q
−1)−1c1jq
−µ−p1n1,[j,M+N]+p1 for j ∈ I,
eij = c
†
1ic1jq
p1n1,[i+1,j−1] for 2 ≤ i < j ≤M +N, (3.21)
ei1 = c
†
1iq
−p1n1,[2,i−1] for i ∈ I,
eij = c
†
1ic1jq
−p1n1,[j+1,i−1] for 2 ≤ j < i ≤ M +N.
The case a = M +N − 1, I = {M +N}:
eii = −ni,M+N for i ∈ I, eM+N,M+N = pM+Nµ+ nI,M+N ,
eij = −pipM+Nci,M+Nc
†
j,M+Nq
−pini,M+N+pjnj,M+N−pM+Nn[i+1,j−1],M+N+pi+pj
for 1 ≤ i < j < M +N,
ei,M+N = pi(q − q
−1)−1ci,M+Nq
−µ−pini,M+N−pM+Nn[i+1,M+N−1],M+N+pi for i ∈ I,
eM+N,j = c
†
j,M+Nq
−pM+Nn[1,j−1],M+N for j ∈ I,
eij = 0 for 1 ≤ j < i < M +N.
(3.22)
One can also derive (3.21) directly from (2.17) in the limit (3.3) with (3.2) and (3.9).
Substituting (3.21) or (3.22) into the expression L(x) in (2.31) with (2.28)-(2.30), (2.38)
and µ = 0, we obtain L-operators for Q-operators (see Appendix D for these types of
L-operators in different conventions).
4 Rational case
In this section, we will discuss the rational case. We will present a factorization formula
of the L-operator for Y (gl(M |N)), which is a generalization of the results in [17, 18, 19].
By taking limits of the L-operator, we recover the rational L-operators for Q-operators
proposed in [16, 15].
In the rational limit q → 1, (2.9) reduces to
[cia, c
†
jb] = δabδij ,
[nia, cjb] = −δijδabcjb, [nia, c
†
jb] = δijδabc
†
jb, [nia,njb] = [cia, cjb] = [c
†
ia, c
†
jb] = 0.
(4.1)
[7] corresponds to M , and the central element of the q-oscillator algebra is fixed in this paper, while it is
free in [7]). Next, apply the automorphism of B+: ei 7→ q
−1ei, ki 7→ ki for i ∈ I to (3.18) for I = {M}
and N = µ = 0 (we use the Cartan elements hi in (3.20)). Then apply the transformation q 7→ q
−1 and
set x→ 1. One will find the homomorphism ρ in page 15, section 8 in [13].
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where the Cartan elements nia are realized as ciac
†
ia = 1+ pipania, c
†
iacia = nia. Then the
rational limits of (2.13) and (2.14) with (2.7) are given by
eii = λi + n[1,i−1],i − ni,[i+1,M+N ] for i ∈ I,
ei,i+1 =
i−1∑
k=1
c†kick,i+1
+ pici,i+1(piλi − pi+1λi+1 − pini,[i+1,M+N ] + pi+1ni+1,[i+2,M+N ] + pi)
− pi
M+N∑
k=i+2
pkcikc
†
i+1,k for i ∈ I \ {M +N},
eji = c
†
ij +
i−1∑
k=1
c†kjcki for j > i, i, j ∈ I.
(4.2)
These expressions of generators can be written as a factorized matrix form 18 E = zDz−1,
where
E =
∑
i,j∈I
pieji ⊗ Eij, D =
∑
i,j∈I
pi(δijdi +Dji)⊗ Eij,
z =
∑
i,j∈I
zij ⊗ Eij. z
−1 =
∑
i,j∈I
yij ⊗Eij .
(4.3)
In components, it reads
(−1)p(i)(p(j)+1)eij =
=
∑
a,b∈I
(−1)p(j)(p(a)+1)zja(−1)
(p(a)+1)p(b)(δabda +Dba)(−1)
(p(b)+1)p(i)ybi, (4.4)
where each element is defined by
(−1)(p(b)+1)p(i)ybi = −(−1)
(p(b)+1)p(i)zbi
+
b−i∑
k=2
(−1)k
∑
b>a1>a2>···>ak−1>i
(−1)(p(b)+1)p(a1)zba1(−1)
(p(a1)+1)p(a2)za1a2
· · · (−1)(p(ak−2)+1)p(ak−1)zak−2ak−1(−1)
(p(ak−1)+1)p(i)zak−1i for b > i,
yii = 1, ybi = 0 for b < i,
zij = pipjcji for i > j, zii = 1, zij = 0 for i < j,
Dij = c
†
ji + pi
M+N∑
k=i+1
pkcikc
†
jk, for i > j, Dij = 0 for i ≤ j,
18 We could not find this type of formula for Uq(gl(M |N)) for generic (M,N) in literatures, and have
obtained special cases of it at the moment. We leave this for future work.
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da = λa −
a−1∑
k=1
pkpa. (4.5)
Due to the graded tensor product, the condition zz−1 = z−1z = 1 ⊗ 1 produces an extra
sign factor∑
k∈I
(−1)(p(i)+p(k))(p(k)+p(j))zikykj =
∑
k∈I
(−1)(p(i)+p(k))(p(k)+p(j))yikzkj = δij . (4.6)
In short, the matrices 19 ((−1)(p(i)+1)p(j)zij)1≤i,j≤M+N and ((−1)
(p(i)+1)p(j)yij)1≤i,j≤M+N
have the normal matrix product. We remark that the elements Dij for i > j satisfy
the relations [Dij , Dkl] = −δjkDil + (−1)
(p(i)+p(j))(p(k)+p(i))δliDkj for i > j and k > l,
and thus −Dij for i > j obey the relations for gl(M |N). We also have [zij , Dkl] =
pipjδikδjl + (−1)
(p(i)+p(j))(p(i)+p(k)+1)δjlθ(i > k)zik for i > j and k > l. Based on these
relations, one can check that (4.4) satisfies the relations for gl(M |N).
[eij, ekl] = δjkeil − (−1)
(p(i)+p(j))(p(k)+p(l))δliekj for i, j, k, l ∈ I. (4.7)
The above types of factorization formulas are known in [17] for sl(2|1) and in [18] for
sl(N). See also section 5.3 in [19] for a review on gl(N) case. We also remark that
the unitary representations of the non-compact real forms of sl(M |N) are studied in [52]
based on another oscillator realization of the algebra. By using the relation (4.6), we can
show
M+N∑
β=i
(−1)p(β)(p(α)+1)Dβα(−1)
(p(β)+1)p(i)yβi =
=


(−1)(p(α)+1)p(i)c†αi for α < i,
−ni,[i+1,M+N ] for α = i,
(−1)p(i+1)p(i)
(
−
∑M+N
k=i+2(−1)
p(k)cikc
†
i+1,k +(−1)
p(i+1)ci,i+1ni+1,[i+2,M+N ]
)
for α = i+ 1.
(4.8)
Then, applying (4.8) to (4.4), we get (4.2). Let us consider the rational limits of the R-
and L-operators (defined in (2.20) and (2.31)):
R(u) = (q − q−1)−1 lim
q→1
R(q−2u) = u(1⊗ 1) +
∑
i,j∈I
piEji ⊗ Eij, (4.9)
L(u) = (q − q−1)−1 lim
q→1
L(q2u) = u(1⊗ 1) +
∑
i,j∈I
pieji ⊗Eij , (4.10)
where u ∈ C. These satisfy the following Yang-Baxter relation, which is the rational limit
of (2.32).
R23(u− v)L13(v)L12(u) = L12(u)L13(v)R23(u− v), u, v ∈ C. (4.11)
19instead of (zij)1≤i,j≤M+N and (yij)1≤i,j≤M+N
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Using (4.3), we obtain a factorization formula for the L-operator (4.10):
L(u) = z(u(1⊗ 1) +D)z−1 (4.12)
This is a generalization of the factorization formulas [17, 18, 19] to the case Y (gl(M |N)).
Let us take a subset I = {a+ 1, a+ 2, . . . ,M +N} of I and it complement set I = I \ I.
Then we consider (4.2) or (4.3) for the case λi = pim for i ∈ I, and rewrite them in the
following form (use the relations (4.6) and (4.8)).
eij = pimδij + o(m), i, j ∈ I,
eij = pimcij +m
∑
k∈I,k>i
pkykickj + o(m) for i < j, i ∈ I, j ∈ I,
eij = c
†
ji +
j−1∑
k=1
c†kickj for j < i, j ∈ I, i ∈ I, (4.13)
eij = e
I
ij +
∑
k∈I
c†kickj for i, j ∈ I,
where yki is a function of {cαβ}i≤α<β≤k and is linear with respect to each cαβ (see (4.5));
o(m) denotes the terms which do not depend on m; {eIij}i,j∈I are the terms in eij whose
indices of the oscillator algebra are restricted to the set I. Note that {eIij}i,j∈I realizes
a subalgebra of gl(M |N), which we denote 20 as gl(I), and on the Fock space, gives a
highest weight representation with the highest weight (λa+1, . . . , λM+N). We renormalize
the oscillator realization (4.13) as
e˜ij =
(
m−1θ(i ∈ I) + θ(i ∈ I)
)
eij . (4.14)
Then we find that the limit limm→∞ e˜ij , which is denoted again as eij, satisfies the following
contracted commutation relations:
[eij , ekl] = δjkθ(j, k ∈ I)eil − (−1)
(p(i)+p(j))(p(k)+p(l))δliθ(l, i ∈ I)ekj. (4.15)
Explicitly, we obtain
eij = piδij for i, j ∈ I,
eij = picij +
∑
k∈I,k>i
pkykickj for i ∈ I, j ∈ I,
eij = c
†
ji +
j−1∑
k=1
c†kickj for i ∈ I, j ∈ I, (4.16)
eij = e
I
ij +
∑
k∈I
c†kickj for i, j ∈ I.
20gl(I) = gl(M˜ |N˜), where M˜ = Card{j ∈ I|p(j) = 0}, N˜ = Card{j ∈ I|p(j) = 1}.
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Note that (4.16) does not depend on the generators {c†ij}i,j∈I . Then, without breaking
the relations (4.15), we can forget about them and formally set their counterparts to zero:
cij 7→ 0 for i, j ∈ I. (4.17)
Then (4.16) reduces to
eij = piδij for i, j ∈ I,
eij = picij for i ∈ I, j ∈ I,
eij = c
†
ji for i ∈ I, j ∈ I,
eij = e
I
ij +
∑
k∈I
c†kickj for i, j ∈ I.
(4.18)
In case the vacuum vector |0〉 is defined by cij|0〉 = 0 (for any i < j), the parts depending
on {cij}i,j∈I;i<j vanish on the Fock space since {cij}i,j∈I;i<j super-commute with any
elements in (4.16). This justifies the reduction (4.17). Moreover, {eIij}i,j∈I;i<j in (4.18)
super-commute with all the generators {cij, c
†
ij|(i, j) /∈ I×I} of the oscillator the algebra.
Then (4.18) satisfies the relations (4.15) even if {eIij}i,j∈I are replaced by the generic
generators of gl(I) ({eij} should be interpreted as elements in the direct sum of gl(I) and
the oscillator algebra).
Let us introduce a diagonal matrix gm =
∑N
i=1
(
m−1θ(i ∈ I) + θ(i ∈ I)
)
Eii. Then we
take the limit of a renormalized version of L-operator (4.10) with λi = pim for i ∈ I (cf.
[14] for (M,N) = (2, 0) case):
LI(u) = lim
m→∞
L(u)(1⊗ gm)|(4.17) = u
∑
i∈I
1⊗ Eii +
M+N∑
i,j=1
pjeij ⊗ Eji, (4.19)
where eij are defined in (4.18). This satisfies the limit of the Yang-Baxter relation (4.11):
R23(u− v)L13I (v)L
12
I (u) = L
12
I (u)L
13
I (v)R
23(u− v) (4.20)
since the relation R(u)(gm ⊗ gm) = (gm ⊗ gm)R(u) holds for any m, u ∈ C, and the
reduction (4.17) keeps the relation (4.15) unchanged. The L-operator (4.19) coincides
21 with the L-operator proposed in [16] (and for Y (gl(M)), see [15]) if {eIij}i,j∈I are
interpreted as the generic generators of gl(I). It defines an evaluation representation of
a degenerated Yangian. In particular, when the gl(I) part is trivial, namely eIij = 0, the
L-operator (4.19) gives the L-operators for Q-operators [16]. The requirement eIij = 0 (in
addition to (4.17)) corresponds to formally setting
λk 7→ 0 for any k ∈ I; cij 7→ 0, c
†
ij 7→ 0 for (i, j) /∈ I × I, (4.21)
Instead, one may start from the rational limit of (2.13) with the reductions (2.16) and
µ = 0, and consider the limit of the form (4.19).
21 Make the shift eIij 7→ e
I
ij −
∑
k∈I(−1)
p(k)+p(i)δij/2 (namely, λi 7→ λi −
∑
k∈I(−1)
p(k)+p(i)/2 for
i ∈ I in eIij), regard {e
I
ij}i,j∈I as the generic generators of gl(I), apply the automorphism e
I
ij 7→
−(−1)p(j)+p(i)p(j)eIji of gl(I), and the automorphism cij 7→ (−1)
p(j)+p(i)p(j)
c
†
ij , c
†
ij 7→ −(−1)
p(i)+p(i)p(j)
cij
of the oscillator algebra to (4.19).
20
5 Concluding remarks
In this paper, we have constructed q-oscillator realizations of the q-super-Yangian
Yq(gl(M |N)) for Baxter Q-operators based on the Heisenberg realization of Uq(gl(M |N))
[24, 25] (and [26] for N = 0 case). It is known that free field realization (Wakimoto
construction) of Uq(sˆl(M |N)) can be constructed based on this Heisenberg realization of
Uq(sl(M |N)) (cf. [50, 25]). It will be interesting to consider an opposite direction, namely
to consider reductions and limits of free field realizations of the quantum affine superal-
gebras to get q-oscillator realizations of the q-super-Yangians for Baxter Q-operators.
This may give another 22 systematic approach to the problem for the quantum affine
superalgebras other than type A, where evaluation representations are not available.
One of the unsolved problems related to our topics is fusion of the L-operators for Q-
operators. For the rational case [15, 16] (see also [17, 18, 19] for a different approach), one
can construct the L-operators for Verma modules from the L-operators for Q-operators
by fusion procedures. As for the trigonometric case, we have fusion formulas [10] on the
level of the universal L-operators 23 for Q-operators associate with Uq(sˆl(2)). However,
similar formulas for Uq(gˆl(M |N)) (for general M,N) have not been established yet.
In [46], the Lax matrices for the Toda system were discussed in the context of ‘shifted
Yangians’ or ‘shifted quantum affine algebras’. Apparently, some of these Lax matrices
have similar structures as L-operators for Q-operators. It will be desirable to clarify how
our approach fits into their formulation.
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Appendix A: Relations for Uq(gl(M |N)) and
Uq(gl(M |N ; I))
One can rewrite the relations (2.23)-(2.27) in terms of eij and eii through (2.28)-(2.30) as
follows.
[qpaeaa , qpbebb ] = [qpaeaa, qpbebb ] = [qpaeaa, qpbebb] = 0, (A1)
qpaeaaqpaeaa = qpaeaaqpaeaa = 1, (A2)
eabq
pceccqpcecc = [eac, ecb]qpc for a > c > b, (A3)
eab = [eac, ecb]q−pc for a < c < b, (A4)
[eab, eba] = pa
qpaeaaqpbebb − qpaeaaqpbebb
q − q−1
for a < b, (A5)
[edc, eba] = (−1)
p(a)p(b)+(p(a)+p(b))p(c)+1(q − q−1)edaebc for b < d < a < c
or a < c < b < d, (A6)
[edc, eba] = 0 for d < c < b < a or d > c > b > a or d < b < a < c or
d > b > a > c or d < c ≤ a < b or c < d ≤ b < a or d < a < b < c or
c < b < a < d, (A7)
[edc, eba] = (−1)
p(a)p(b)+(p(a)+p(b))p(c)+1(q − q−1)qpaeaa−pceccedaebc
for d < a < c < b, (A8)
[edc, eba] = (−1)
p(a)p(b)+(p(a)+p(b))p(c)(q − q−1)edaebcq
pbebb−pdedd
for a < d < b < c, (A9)
[eba, eac] = ebcq
pbebbqpaeaa for a < b < c, (A10)
[eba, eac] = q
paeaa−pceccebc for a < c < b, (A11)
[edb, eba] = edaq
pbebb−pdedd for a < d < b, (A12)
[edb, eba] = q
paeaaqpbebbeda for d < a < b, (A13)
[eda, eba]q−pa = 0 for a < b < d or b < d < a, (A14)
[ebc, eba]qpb = 0 for c < a < b or b < c < a, (A15)
[eba, eba] = 0, (A16)
where a, b, c, d ∈ I. We use the convention used in Appendix A in [1]. (A16) reduces
to (eba)
2 = 0 for papb = −1, and becomes trivial for papb = 1. The contracted alge-
bra Uq(gl(M |N ; I)) can be obtained by imposing the conditions (2.38) and (2.39), and
replacing (A2) with
qpceccqpcecc = qpceccqpcecc = θ(c ∈ I). (A17)
Note that some of the relations become trivial (0 = 0) under the reductions. The original
algebra Uq(gl(M |N)) corresponds to Uq(gl(M |N ; I)), where the factor q
pceccqpcecc in (A3)
becomes 1. The contracted algebra Uq(gl(M |N ; I)) for Card(I) = 1, 2 was proposed in
[28] for (M,N) = (3, 0), and in [29] for (M,N) = (2, 1).
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Appendix B: general q-oscillator and Heisenberg real-
izations of Uq(gl(M |N))
In [25, 24], q-difference (Heisenberg) realization of Uq(sl(M |N)) was proposed (see, [26]
for Uq(sl(M)) case). In this section, we transcribe their results for Uq(gl(M |N)) case in
terms of the q-oscillator algebra. Let λi ∈ C (i ∈ I). Then, Uq(gl(M |N)) is realized by
eii = λi + n[1,i−1],i − ni,[i+1,M+N ] for i ∈ I,
ei,i+1 = ci,i+1q
−pin[1,i−1],i+pi+1n[1,i−1],i+1 +
i−1∑
k=1
c†kick,i+1q
−pin[1,k−1],i+pi+1n[1,k−1],i+1 ,
ei+1,i =
i−1∑
k=1
c†k,i+1ckiq
piλi−pi+1λi+1+pin[k+1,i−1],i−pi+1n[k+1,i],i+1−pini,[i+1,M+N]+pi+1ni+1,[i+2,M+N]
+ pic
†
i,i+1
[
piλi − pi+1λi+1 − pini,[i+1,M+N ] + pi+1ni+1,[i+2,M+N ]
]
q
− pi
M+N∑
k=i+2
pkci+1,kc
†
ikq
−piλi+pi+1λi+1+pini,[k,M+N]−pi+1ni+1,[k,M+N]
for i ∈ I \ {M +N}. (B1)
The other generators can be obtained by the relations (2.7). In particular, the element
e1j has quite a simple form
24
e1j = c1jq
p1n1,[2,j−1] , 2 ≤ j ≤M +N. (B2)
Let us consider reduction of the q-oscillator algebra in (B1). Fix parameters a ∈
{0, 1, . . . ,M + N} and µ ∈ C, and define a set by I = {a + 1, a + 2, . . . ,M + N}.
We find that (B1) still realizes Uq(gl(M |N)) even if we apply the following replacement:
cij 7→ 0, c
†
ij 7→ 0, nij 7→ 0, λi 7→ piµ for i, j ∈ I. (B3)
This fact was remarked in [26] for N = 0, a = 1, µ = 0 case, where (B1) reduces to a
q-analogue of the Holstein-Primakoff realization (cf. [27]).
In this paper, we realize the algebra in terms of the q-oscillator superalgebras. One
can rewrite these in terms of q-difference operators. Let us introduce variables xij (1 ≤
i < j ≤ M + N) with the Grassmann parities pipj and define operators ϑij = xij
∂
∂xij
.
Then the q-oscillator superalgebra is realized by
c†ij = xij , cij =
1
xij
[ϑij ]q, nij = ϑij . (B4)
Under this realization (B4), (B1) for the distinguished grading (pi = 1 for i ∈
24The corresponding expression for N = 0 case is written in [26] in terms of q-difference operators.
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{1, 2, . . . ,M}, pi = −1 for i ∈ {M + 1,M + 2, . . . ,M +N}) corresponds
25 to eq. (25) in
[25].
By using automorphisms of the q-oscillator algebra and Uq(gl(M |N)) (and change of
variables), one can derive many variants of (B1), which superficially look different from
the original one. Here we give three typical examples of them. First, we explain the
relation between the oscillator realization (2.13) used in the main text and (B1). Let us
apply the following transformations consecutively to (2.13): the rescaling of the generators
of the q-oscillator algebra
cij 7→ (−1)
∑j−1
k=i+1 p(k)+
∑j−1
k=i p(k)p(k+1)+p(i)p(j)cij,
c†ij 7→ (−1)
∑j−1
k=i+1 p(k)+
∑j−1
k=i p(k)p(k+1)+p(i)p(j)c†ij
nij 7→ nij for 1 ≤ i < j ≤M +N,
(B5)
the automorphism of the q-oscillator algebra
nia 7→ −nia − pipa, cia 7→ c
†
ia, c
†
ia 7→ −pipacia, (B6)
the replacement
λi 7→ −λi + pi
(
p[1,i−1] − p[i+1,M+N ]
)
, (B7)
and the automorphism of Uq(gl(M |N))
ei,i+1 7→ −pipi+1ei+1,i, ei+1,i 7→ −ei,i+1, eii 7→ −eii. (B8)
Then we obtain the realization (B1).
Let us apply the following transformations to (B1): the rescaling of the q-oscillator
algebra (B5), the transformation 26
eαi 7→ eαM+N−i , e−αi 7→ pM+N−ipM+N+1−ie−αM+N−i , eii 7→ −eM+N+1−i,M+N+1−i,
(B9)
the replacement
pi 7→ −pM+N+1−i, λi 7→ −λM+N+1−i, nia 7→ nM+N+1−a,M+N+1−i,
cia 7→ cM+N+1−a,M+N+1−i, c
†
ia 7→ c
†
M+N+1−a,M+N+1−i,
(B10)
25The formula in [25] is defined for the distinguished grading. Then we made a fine tune on sign factors
so that the formula is valid for any gradings. Note that (−1)p(i)p(i+1) = pi and (−1)
p(k)(p(i)+p(i+1)) =
pipi+1 for k ∈ {i+ 2, i+ 3, . . . ,M +N} hold for the distinguished grading. The parameters λi and q in
[25] correspond to piλi− pi+1λi+1 and q
−1 respectively. The Uq(sl(M |N)) Cartan elements hi in [25] are
related to our Uq(gl(M |N)) Cartan elements by hi = pieii − pi+1ei+1,i+1. The generators ei (resp. fi)
in ‘PROPOSITION 1. (ii)’ in [25] correspond to ei,i+1 (resp. piei+1,i). Moreover, we had to remove the
term −(νi + νi+1)ϑi,i+1 in the right hand side of eq. (18) in [25], and put ϑii = 0. The relation to [24]
can be seen from Remark 2 in [25].
26The transformation (B9) corresponds to read the Dynkin diagram of gl(M |N) from the opposite
direction. Thus this effectively produces Uq(gl(N |M)) with the opposite sign of the grading parameters.
In order to recover Uq(gl(M |N)), we have to change the grading parameters as in (B10).
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and the rescaling of the generators of the q-oscillator algebra
cij 7→ (−1)
i−j−1cij , c
†
ij 7→ (−1)
i−j−1c†ij, nij 7→ nij for 1 ≤ i < j ≤M +N. (B11)
Then we obtain
eii = λi + n[1,i−1],i − ni,[i+1,M+N ] for i ∈ I,
ei,i+1 = ci,i+1q
−pini,[i+2,M+N]+pi+1ni+1,[i+2,M+N]
− pi+1
M+N∑
k=i+2
pkcikc
†
i+1,kq
−pini,[k+1,M+N]+pi+1ni+1,[k+1,M+N] ,
ei+1,i = −pi
M+N∑
k=i+2
pkci+1,kc
†
ik
× q−piλi+pi+1λi+1+pini,[i+1,k−1]−pi+1ni+1,[i+2,k−1]−pin[1,i−1],i+pi+1n[1,i],i+1
+ pic
†
i,i+1
[
piλi − pi+1λi+1 + pin[1,i−1],i − pi+1n[1,i],i+1
]
q
+
i−1∑
k=1
c†k,i+1ckiq
piλi−pi+1λi+1+pin[1,k],i−pi+1n[1,k],i+1 for i ∈ I \ {M +N},
(B12)
ej,M+N = cj,M+Nq
−p[j+1,M+N−1]−pM+Nn[j+1,M+N−1],M+N for j ∈ I \ {M +N}. (B13)
Here the expression (B13) is obtained based on (2.7). Let us consider reduction of the
q-oscillator algebra in (B12). Fix parameters a ∈ {0, 1, . . . ,M + N} and µ ∈ C, and
define a set by I = {1, 2, . . . , a}. We find that (B12) still realizes Uq(gl(M |N)) even if we
apply the following replacement:
cij 7→ 0, c
†
ij 7→ 0, nij 7→ 0, λi 7→ piµ for i, j ∈ I. (B14)
Let us apply the following to (B12): the automorphisms (B6) and
cij 7→ (−1)
1+
∑j
k=i p(k)+
∑j−1
k=i p(k)p(k+1)+p(i)p(j)cij,
c†ij 7→ (−1)
1+
∑j
k=i p(k)+
∑j−1
k=i p(k)p(k+1)+p(i)p(j)c†ij
nij 7→ nij for 1 ≤ i < j ≤M +N,
(B15)
of the q-oscillator algebra, the replacement (B7), and the automorphism
ei,i+1 7→ −ei+1,i, ei+1,i 7→ −pipi+1ei,i+1, eii 7→ −eii, (B16)
of Uq(gl(M |N)). We obtain
eii = λi + n[1,i−1],i − ni,[i+1,M+N ] for j ∈ I,
ei,i+1 = −pi
M+N∑
k=i+2
pkcikc
†
i+1,k
25
× qpiλi−pi+1λi+1−pini,[i+1,k−1]+pi+1ni+1,[i+2,k−1]+pin[1,i−1],i−pi+1n[1,i],i+1
+ pici,i+1
[
piλi − pi+1λi+1 + pin[1,i−1],i − pi+1n[1,i],i+1 + pi+1
]
q
+
i−1∑
k=1
c†kick,i+1q
−piλi+pi+1λi+1−pin[1,k],i+pi+1n[1,k],i+1−pi−pi+1, (B17)
ei+1,i = c
†
i,i+1q
pini,[i+2,M+N]−pi+1ni+1,[i+2,M+N]
− pi+1
M+N∑
k=i+2
pkci+1,kc
†
ikq
pini,[k+1,M+N]−pi+1ni+1,[k+1,M+N]
for i ∈ I \ {M +N},
eM+N,j = c
†
j,M+Nq
p[j+1,M+N−1]+pM+Nn[j+1,M+N−1],M+N for j ∈ I \ {M +N}. (B18)
Here the expression (B18) is obtained based on (2.7). Let us consider reduction of the
q-oscillator algebra in (B17). Fix parameters a ∈ {0, 1, . . . ,M + N} and µ ∈ C, and
define a set by I = {1, 2, . . . , a}. We find that (B17) still realizes Uq(gl(M |N)) even if we
apply the following replacement:
cij 7→ 0, c
†
ij 7→ 0, nij 7→ 0, λi 7→ piµ for i, j ∈ I. (B19)
On the Fock space spanned by (2.10), any of (B1), (2.13), (B12) and (B17) realizes a
highest weight representation of Uq(gl(M |N)) with the hight weight λ = (λ1, . . . , λM+N)
and the highest weight vector |0〉, in the sense of (2.15).
Appendix C: q-oscillator realization of contracted al-
gebras in the generators Lij and Lij
Let us take a subset I = {a+ 1, a+ 2, . . . ,M +N} of I and it complement set I = I \ I.
One can rewrite (3.16) in terms of Lij and Lij as follows:
Lii = q
−pini,I , Lii = 0 for i ∈ I,
Lii = q
pi(λi+n[1,i−1],i−ni,[i+1,M+N]), Lii = q
−pi(λi+n[1,i−1],i−ni,[i+1,M+N]) for i ∈ I,
Li+1,i = −pipi+1(q − q
−1)
∑
k∈I
pkcikc
†
i+1,kq
−pi(ni,[k,M+N]+ni,I )+pi+1ni+1,[k,M+N]+pi+pi+1
for i, i+ 1 ∈ I,
Li+1,i = pipi+1ci,i+1q
−pi+1λi+1−2pini,I+pi+1ni+1,[i+2,M+N]+pi
− pipi+1(q − q
−1)
M+N∑
k=i+2
pkcikc
†
i+1,kq
−pi+1λi+1−pi(ni,[k,M+N]+ni,I )+pi+1ni+1,[k,M+N]+pi+pi+1
for i ∈ I, i+ 1 ∈ I, (i = a),
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Li,i+1,i = pi+1(q − q
−1)
( i−1∑
k=1
c†kick,i+1
× q−piλi+pi+1λi+1−pin[k+1,i−1],i+pi+1n[k+1,i],i+1+pini,[i+1,M+N]−pi+1ni+1,[i+2,M+N] (C1)
+ pici,i+1
[
piλi − pi+1λi+1 − pini,[i+1,M+N ] + pi+1ni+1,[i+2,M+N ] + pi
]
q
− pi
M+N∑
k=i+2
pkcikc
†
i+1,kq
piλi−pi+1λi+1−pini,[k,M+N]+pi+1ni+1,[k,M+N]+pi+pi+1
)
× qpi(λi+n[1,i−1],i−ni,[i+1,M+N]) for i, i+ 1 ∈ I,
Lji = 0 for i, j ∈ I, i > j,
Li,i+1 = −pi(q − q
−1)c†i,i+1q
pi(1+ni,I )−pi+1n[1,i−1],i+1 for i ∈ I, i+ 1 ∈ I, (i = a),
Li,i+1 = −pi(q − q
−1)
(
c†i,i+1q
pini,[i+1,M+N]−pi+1n[1,i−1],i+1
+
i−1∑
k=1
c†k,i+1ckiq
−pi(n[k,i−1],i−ni,[i+1,M+N])−pi+1n[1,k−1],i+1
)
qpi(1−λi) for i, i+ 1 ∈ I,
L1i = −p1(q − q
−1)c†1iq
p1(1+n1,[i,M+N]) for i ∈ I, i > 1.
One can rewrite (3.17) in terms of Lij and Lij as follows:
Lii = q
−pini,I , Lii = 0 for i ∈ I,
Lii = q
µ+pinI,i, Lii = q
−µ−pinI,i for i ∈ I,
Li+1,i = −pipi+1(q − q
−1)
∑
k∈I
pkcikc
†
i+1,kq
−pi(ni,[k,M+N]+ni,I )+pi+1ni+1,[k,M+N]+pi+pi+1
for i, i+ 1 ∈ I,
Li+1,i = pipi+1ci,i+1q
−µ−2pini,I+pi for i ∈ I, i+ 1 ∈ I, (i = a),
Li+1,i = pi+1(q − q
−1)
∑
k∈I
c†kick,i+1q
µ+pin[1,k],i+pi+1n[k+1,a],i+1 for i, i+ 1 ∈ I, (C2)
Lji = 0 for i, j ∈ I, i > j,
Li,i+1 = −pi(q − q
−1)c†i,i+1q
pi(1+ni,I )−pi+1n[1,i−1],i+1 for i ∈ I, i+ 1 ∈ I, (i = a),
Li,i+1 = −pi(q − q
−1)
∑
k∈I
c†k,i+1ckiq
−µ+pi(1−n[k,a],i)−pi+1n[1,k−1],i+1 for i, i+ 1 ∈ I,
L1i = −p1(q − q
−1)c†1iq
p1(1+n1,[i,M+N]) for i ∈ I, 1 ∈ I, i > 1.
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Appendix D: q-Holstein-Primakoff realization and L-
operators for Baxter Q-operators (supplement for [1])
In this section, we will rederive the L-operators for Q-operators proposed in [1], which
are degenerated solutions of the graded Yang-Baxter equation (2.32), by taking limits of
a q-analogue of the Holstein-Primakoff realization of Uq(gl(M |N)).
q-Holstein-Primakoff realization of Uq(gl(M |N))
Take an element i ∈ I, and define I = {i}, I = I \ {i} (we assume that i is a constant
number throughout this section). In the main text, the generators {cαβ, c
†
αβ,nαβ} of the
q-oscillator algebra are defined for α, β ∈ I, α < β. In this section, we change this to
(α, β) ∈ I × I (the parities of the generators and the relations are defined in the same
manner). Then we define
eii = pim− ni,I , (D1)
eaa = nia for a ∈ I, (D2)
eia = (q − q
−1)−1ciaq
pi(ni,[i+1,a−1]+ni,I ) for i+ 1 ≤ a ≤ M +N, (D3)
ebi = −pi(q − q
−1)c†ib
[
m− pini,I
]
q
× qm−pi(ni,[1,b−1]+ni,[i+1,M+N])−pbnib for 1 ≤ b ≤ i− 1, (D4)
eba = c
†
ibciaq
pini,[b,a−1]−pbnib
for 1 ≤ b < a ≤ i− 1 or i+ 1 ≤ b < a ≤M +N, (D5)
eba = −c
†
ibciaq
2m+pi(1−ni,[1,b−1]−ni,[a,M+N])−pbnib
for 1 ≤ b < i < a ≤M +N, (D6)
eba = c
†
ibciaq
pi(1−ni,[a,b−1])−pa(1−nia)
for 1 ≤ a < b ≤ i− 1 or i+ 1 ≤ a < b ≤M +N, (D7)
eia = −(q − q
−1)−1ciaq
−m+pi(ni,[1,a−1]+ni,[i+1,M+N])+pa(nia−1)
for 1 ≤ a ≤ i− 1, (D8)
ebi = pi(q − q
−1)c†ib
[
m− pini,I
]
q
q−pi(1+ni,[i+1,b−1]+ni,I)
for i+ 1 ≤ b ≤ M +N, (D9)
eba = −c
†
ibciaq
−2m+pi(ni,[1,a−1]+ni,[b,M+N])−pa(1−nia)
for 1 ≤ a < i < b ≤M +N, (D10)
where m ∈ C. This is a q-analogue of the Holstein-Primakoff realization of Uq(gl(M |N))
(cf. [27]). For I = {1}, this realizes an infinite dimensional representation with the highest
weight λ = (p1m, 0, . . . , 0) and the highest weight vector |0〉 on the Fock space in the sense
of (2.15). However, this is not the case for I = {i}, i 6= 1. The vacuum vector |0〉 carries
the weight (eigenvalue of eaa) λa = pamδia (1 ≤ a ≤ M +N) and is killed at least by eab
for 1 ≤ a < b < i, i ≤ a < b ≤M +N and 1 ≤ b < i ≤ a ≤M +N .
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Under the reduction (B3) for I = {2, 3, . . . ,M + N}, (B1) and (B2) (and ejk from
(2.7)) for λj = p1mδj1 and µ = 0 coincides with (D1)-(D10) for I = {1} if the following
automorphism of the q-oscillator algebra is applied to (D1)-(D10).
n1a → n1a c1a → (q − q
−1)c1aq
−p1n1,I , c†1a → (q − q
−1)−1qp1n1,Ic†1a for a ∈ I. (D11)
We remark that the notation I and I have to be exchanged for comparison between
(B1)-(B2) and (D1)-(D10).
L-operator
Plugging (D1)-(D10) into the formula (2.28)-(2.30), we obtain the following elements of
an L-operator.
Lαβ = 0 for α < β, (D12)
Lii = q
m−pini,I , (D13)
Laa = q
pania for a ∈ I, (D14)
Lai = paciaq
m+pini,[i+1,a−1] for i+ 1 ≤ a ≤M +N, (D15)
Lib = −(q − q
−1)2c†ib
[
m− pini,I
]
q
qm−pi(ni,[1,b−1]+ni,[i+1,M+N])
for 1 ≤ b ≤ i− 1, (D16)
Lab = pa(q − q
−1)c†ibciaq
pini,[b,a−1]
for 1 ≤ b < a ≤ i− 1 or i+ 1 ≤ b < a ≤M +N, (D17)
Lab = −pa(q − q
−1)c†ibciaq
2m+pi(1−ni,[1,b−1]−ni,[a,M+N])
for 1 ≤ b < i < a ≤M +N, (D18)
Lαβ = 0 for α > β, (D19)
Lii = q
−m+pini,I , (D20)
Laa = q
−pania for a ∈ I, (D21)
Lab = −pa(q − q
−1)c†ibciaq
pi(1−ni,[a,b−1])
for 1 ≤ a < b ≤ i− 1 or i+ 1 ≤ a < b ≤M +N, (D22)
Lai = paciaq
−m+pi(ni,[1,a−1]+ni,[i+1,M+N]) for 1 ≤ a ≤ i− 1, (D23)
Lib = −(q − q
−1)2c†ib
[
m− pini,I
]
q
q−m−pini,[i+1,b−1]
for i+ 1 ≤ b ≤M +N, (D24)
Lab = pa(q − q
−1)c†ibciaq
−2m+pi(ni,[1,a−1]+ni,[b,M+N])
for 1 ≤ a < i < b ≤M +N, (D25)
where i ∈ I.
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Limit of the L-operator: qm → 0 case
After making a shift m→ m+piµ in (D12)-(D25), we consider a renormalized L-operator
[see eq. (3.79) in [1] for µ = 0 case]:
L˜(x) = L(xq−2m)(1⊗ q−m
∑
j∈I Ejj ). (D26)
In components, this is transcribed as
L˜jk = Ljkq
−mδki, L˜jk = Ljkq
m(2−δki) for j, k ∈ I, i ∈ I. (D27)
Then we find that the components of the L-operator L−(x) = limqm→0 L˜(x) are given
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by
Lαβ = 0 for α < β or 1 ≤ β < i < α ≤M +N, (D28)
Lii = q
piµ−pini,I , (D29)
Laa = q
pania for a ∈ I, (D30)
Lai = paciaq
piµ+pini,[i+1,a−1] for i+ 1 ≤ a ≤M +N, (D31)
Lib = (q − q
−1)c†ibq
pini,[b,i−1] for 1 ≤ b ≤ i− 1, (D32)
Lab = pa(q − q
−1)c†ibciaq
pini,[b,a−1]
for 1 ≤ b < a ≤ i− 1 or i+ 1 ≤ b < a ≤ M +N, (D33)
Lαβ = 0 for α > β, 1 ≤ α ≤ β ≤ i− 1 or i+ 1 ≤ α ≤ β ≤M +N, (D34)
Lii = q
−piµ+pini,I , (D35)
Lai = paciaq
−piµ+pi(ni,[1,a−1]+ni,[i+1,M+N]) for 1 ≤ a ≤ i− 1, (D36)
Lib = (q − q
−1)c†ibq
−2piµ+pi(ni,[1,i−1]+ni,[b,M+N]) for i+ 1 ≤ b ≤M +N, (D37)
Lab = pa(q − q
−1)c†ibciaq
−2piµ+pi(ni,[1,a−1]+ni,[b,M+N])
for 1 ≤ a < i < b ≤M +N, (D38)
where i ∈ I. These equations (D28)-(D38) for µ = 0 precisely coincide 28 with a q-
oscillator solution of the graded Yang-Baxter equation found in [1] [eqs. (3.49)-(3.59) in
[1]].
Let us apply the automorphism
cia → q
−piµcia, c
†
ia → q
piµc†ia for i+ 1 ≤ a ≤M +N, i ∈ I (D39)
27Here q is assumed to be a constant number. The limits of L˜jk and L˜jk are denoted again as Ljk and
Ljk.
28 From (D28)-(D38) for µ = 0, i = M+N , N = 0, one can also reproduce the q-oscillator representation
of the Borel subalgebra B+ of Uq(sˆl(M)) for Baxter Q-operators found in [7]. Substituting (D28)-(D38)
for µ = 0, i = M + N , N = 0 into eq. (3.82) in [1], one obtains ej = c
†
M,jcM,j+1, hj = nM,j − nM,j+1
for 1 ≤ j ≤ M − 2, eM−1 = c
†
M,M−1, hM−1 = nM,M−1 + nM,I , eM = −x(q − q
−1)−1cM,1q
n
M,I ,
hM = −nM,I −nM,1. Set cM,j = −(q− q
−1)εjq
Hj , c†M,j = ε
∗
j , nM,j = −Hj for 1 ≤ j ≤M − 1, and apply
the automorphism of B+: e1 7→ tq
1
2 e1, ej 7→ q
1
2 ej for 2 ≤ j ≤ M − 2, eM−1 7→ eM−1, eM 7→ x
−1eM ,
hj 7→ hj for 1 ≤ j ≤ M (ε
∗
j , εj,Hj , t are symbols in [7]). Then one obtains eq. (2.2) in [7] after the
transformation q → q−1.
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of the q-oscillator algebra to (D28)-(D38) and consider
L−′(x) = L−(xq−piµ). (D40)
The components Ljk and Ljk of L
′ and L
′
in this renormalized L-operator L−′(x) =
L′ − x−1L
′
do not depend on the parameter µ except for the element Lii. It satisfies
LiiLii = LiiLii = q
piµ for i ∈ I instead of (2.33). We remark that components of L′ and
L
′
realize a more degenerate algebra than Uq(gl(M |N ; I)) in the limit q
piµ → 0. In fact,
they satisfy a condition Lii = 0 for i ∈ I in addition to (2.34). A twisted version of such
an L-operator (in the sense of [47]) for N = 0 case was used to construct a matrix product
formula for symmetric Macdonald polynomials [48] (see [49] for related L-operators for
M +N ≤ 3). The same type of L-operators also appeared in the context of quantization
of soliton cellular automata [51].
Limit of the L-operator: qm →∞ case
We can consider the opposite limit (qm →∞) for another renormalized L-operator
˜˜L(x) = L(x)(1 ⊗ q−m
∑
j∈I Ejj). (D41)
After applying an automorphism
cia → q
2mcia, c
†
ia → q
−2mc†ia for 1 ≤ a ≤ i− 1, i ∈ I (D42)
of the q-oscillator algebra to (D12)-(D25) and plugging them into (D41), we take the limit
29 L+(x) = limqm→∞
˜˜L(x) to get
Lαβ = 0 for α < β, (D43)
Lii = q
−pini,I , (D44)
Laa = q
pania for a ∈ I, (D45)
Lai = paciaq
pini,[i+1,a−1] for i+ 1 ≤ a ≤M +N, (D46)
Lib = −(q − q
−1)c†ibq
−pi(ni,I+ni,[1,b−1]+ni,[i+1,M+N]) for 1 ≤ b ≤ i− 1, (D47)
Lab = pa(q − q
−1)c†ibciaq
pini,[b,a−1]
for 1 ≤ b < a ≤ i− 1 or i+ 1 ≤ b < a ≤M +N, (D48)
Lab = −pa(q − q
−1)c†ibciaq
pi(1−ni,[1,b−1]−ni,[a,M+N])
for 1 ≤ b < i < a ≤M +N, (D49)
Lαβ = 0 for α > β, (D50)
Lii = 0, (D51)
Laa = q
−pania for a ∈ I, (D52)
Lab = −pa(q − q
−1)c†ibciaq
pi(1−ni,[a,b−1])
29 The components of L and L in L+(x) = L− x−1L are denoted as Ljk and Ljk respectively.
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for 1 ≤ a < b ≤ i− 1 or i+ 1 ≤ a < b ≤M +N, (D53)
Lai = paciaq
pi(ni,[1,a−1]+ni,[i+1,M+N]) for 1 ≤ a ≤ i− 1, (D54)
Lib = −(q − q
−1)c†ibq
−pi(ni,I+ni,[i+1,b−1]) for i+ 1 ≤ b ≤M +N, (D55)
Lab = pa(q − q
−1)c†ibciaq
pi(ni,[1,a−1]+ni,[b,M+N])
for 1 ≤ a < i < b ≤M +N, (D56)
where i ∈ I. We consider two kinds of automorphisms of the q-oscillator algebra (2.9):
(B6) and
nia 7→ nia, for a ∈ I,
cia 7→ papi(q − q
−1)−1ciaq
−pi(ni,I−nia)−p[1,a−1]−p[i,M+N] ,
c†ia 7→ papi(q − q
−1)q
pi(ni,I−nia)+p[1,a−1]+p[i,M+N]c†ia for 1 ≤ a ≤ i− 1,
cia 7→ papi(q − q
−1)−1ciaq
−pi(ni,I−nia)−p[i+1,a−1]+pi ,
c†ia 7→ papi(q − q
−1)qpi(ni,I−nia)+p[i+1,a−1]−pic†ia for i+ 1 ≤ a ≤ M +N. (D57)
Let us apply the automorphism (B6) to (D43)-(D56) first, and then (D57). We find that
the renormalized L-operator
L+′(x) = (1⊗ qpi
∑
b∈I
Ebb−pIEii)L+(xq2pi). (D58)
precisely coincides 30 with another q-oscillator solution of the graded Yang-Baxter equa-
tion found in [1] [eqs. (3.60)-(3.72) in [1]].
References
[1] Z. Tsuboi, Asymptotic representations and q-oscillator solutions of the graded Yang-
Baxter equation related to Baxter Q-operators, Nucl. Phys. B 886 (2014) 1-30
[arXiv:1205.1471 [math-ph]].
[2] R.J. Baxter, Partition function of the eight-vertex lattice model, Ann. Phys. 70 (1972)
193-228.
[3] V.V. Bazhanov, S.L. Lukyanov, A.B. Zamolodchikov, Integrable Structure of Con-
formal Field Theory III. The Yang-Baxter Relation, Commun.Math.Phys. 200 (1999)
297-324 [arXiv:hep-th/9805008].
[4] V.V. Bazhanov, A.N. Hibberd, S.M. Khoroshkin, Integrable structure of W3 Confor-
mal Field Theory, Quantum Boussinesq Theory and Boundary Affine Toda Theory,
Nucl. Phys. B622 (2002) 475–547 [arXiv:hep-th/0105177].
30We have to swap the notation {I,nαβ, c
†
αβ} and {I,nβα, c
†
βα} to make comparison.
32
[5] P. P. Kulish, A. M. Zeitlin, Superconformal field theory and SUSY N=1 KDV hier-
archy II: The Q-operator, Nucl. Phys. B709 (2005) 578 [hep-th/0501019].
[6] H. Boos, M. Jimbo, T. Miwa, F. Smirnov, Y. Takeyama, Hidden Grass-
mann structure in the XXZ model, Commun. Math. Phys. 272 (2007) 263-281
[arXiv:hep-th/0606280].
[7] T. Kojima, The Baxter’s Q-operator for the W-algebra WN , J.Phys.A: Math. Theor.
41 (2008) 355206 [arXiv:0803.3505 [nlin.SI]].
[8] V.V. Bazhanov, Z. Tsuboi, Baxter’s Q-operators for supersymmetric spin chains,
Nucl. Phys. B 805 [FS] (2008) 451-516 [arXiv:0805.4274 [hep-th]].
[9] H. Boos, F. Go¨hmann, A. Klu¨mper, K.S. Nirov, A.V. Razumov, Exercises with
the universal R-matrix J. Phys. A: Math. Theor. 43 (2010) 415208 [arXiv:1004.5342
[math-ph]].
[10] S. Khoroshkin, Z. Tsuboi, The universal R-matrix and factorization of the L-
operators related to the Baxter Q-operators, J. Phys. A: Math. Theor. 47 (2014)
192003 [arXiv:1401.0474 [math-ph]].
[11] V. V. Mangazeev, On the Yang-Baxter equation for the six-vertex model, Nucl. Phys.
B882 (2014) 70-96 [arXiv:1401.6494 [math-ph]].
[12] C. Meneghelli, J. Teschner, Integrable light-cone lattice discretizations from the uni-
versal R-matrix, Adv. Theor. Math. Phys. 21 (2017) 1189-1371 [arXiv:1504.04572
[hep-th]].
[13] Kh. S. Nirov, A. V. Razumov, Quantum groups, Verma modules and q-
oscillators: General linear case, J. Phys. A: Math. Theor. 50 (2017) 305201 (19pp)
[arXiv:1610.02901 [math-ph]].
[14] V. Bazhanov, T. Lukowski, C. Meneghelli, M. Staudacher, A Shortcut to the Q-
Operator, J. Stat. Mech. (2010) P11002, [arXiv:1005.3261 [hep-th]].
[15] V. Bazhanov, R. Frassek, T. Lukowski, C. Meneghelli, M. Staudacher, Baxter
Q-Operators and Representations of Yangians, Nucl.Phys. B850 (2011) 148-174
[arXiv:1010.3699 [math-ph]].
[16] R. Frassek, T. Lukowski, C. Meneghelli, M. Staudacher, Oscillator Construction of
su(n|m) Q-Operators, Nucl. Phys. B 850 (2011) 175-198 [arXiv:1012.6021 [math-ph]].
[17] S. E. Derkachov, Factorization of the R-matrix.II, J. Math. Sciences 143 (2007) 2791-
2805 [arXiv:math/0503410 [math.QA]].
[18] S. E. Derkachov, A. N. Manashov, R-Matrix and Baxter Q-Operators for the Non-
compact SL(N,C) Invariant Spin Chain, SIGMA 2(2006) 084 [arXiv:nlin/0612003
[nlin.SI]].
33
[19] S. E. Derkachov, A. N. Manashov, General solution of the Yang-Baxter equation
with symmetry group SL(n, C), St. Petersburg Math. J. 21 (2010) 513-577.
[20] D. Hernandez, M. Jimbo, Asymptotic representations and Drinfeld rational fractions,
Compos. Math. 148 (2012) 1593-1623 [arXiv:1104.1891 [math.QA]].
[21] H. Zhang, RTT realization of quantum affine superalgebras and tensor products, Int.
Math. Res. Notices 2016 (2016) 1126-1157 [arXiv:1407.7001 [math.QA]].
[22] H. Zhang, Asymptotic representations of quantum affine superalgebras, SIGMA 13
(2017) 066 [arXiv:1410.0837 [math.QA]].
[23] Z. Tsuboi, Solutions of the T -system and Baxter equations for supersymmetric spin
chains, Nucl. Phys. B 826 [PM] (2010) 399-455 [arXiv:0906.2039 [math-ph]].
[24] K. Kimura, q-differential operator representation of the quantum superalgebra
Uq(sl(M + 1|N + 1)), arXiv:q-alg/9612036.
[25] H. Awata, S. Odake, J. Shiraishi, q-Difference Realization of Uq(sl(M |N)) and Its
Application to Free Boson Realization of Uq(sˆl(2|1)), Lett. Math. Phys. 42 (1997)
271-279 [arXiv:q-alg/9701032].
[26] H. Awata, M. Noumi, S. Odake, Heisenberg realization for Uq(sln) on the flag mani-
fold, Lett. Math. Phys. 30 (1994) 35-43.
[27] T. D. Palev, A Dyson realization and a Holstein-Primakoff realization for the quan-
tum superalgebra Uq[gl(n/m)], [arXiv:math/9804062 [math.QA]].
[28] V.V. Bazhanov, private communication (2005): V.V. Bazhanov, S.M. Khoroshkin,
(2001) unpublished.
[29] V.V. Bazhanov, Z. Tsuboi: talks at conferences in 2007, which in-
clude the following two: La 79eme Rencontre entre physiciens theo-
riciens et mathematiciens “Supersymmetry and Integrability”, IRMA Stras-
bourg, June, 2007 [http://www-irma.u-strasbg.fr/article383.html]; “Work-
shop and Summer School: From Statistical Mechanics to Conformal and
Quantum Field Theory”, the university of Melbourne, January, 2007
[http://www.smft2007.ms.unimelb.edu.au/program/LectureSeries.html].
[30] R. Frassek, I. M. Szecsenyi, Q-operators for the open Heisenberg spin chain, Nucl.
Phys. B 901 (2015) 229-248 [arXiv:1509.04867 [math-ph]].
[31] P. Baseilhac, Z. Tsuboi, Asymptotic representations of augmented q-Onsager algebra
and boundary K-operators related to Baxter Q-operators, Nucl. Phys. B 929 (2018)
397-437 [arXiv:1707.04574 [math-ph]].
[32] P. Baseilhac, S. Belliard, Generalized q-Onsager algebras and boundary affine Toda
field theories, Lett.Math.Phys. 93 (2010) 213-228 [arXiv:0906.1215 [math-ph]].
34
[33] T. Ito, P. Terwilliger, The augmented tridiagonal algebra, Kyushu J. Math. 64 (2010)
81-144 [arXiv:0904.2889 [math.QA]].
[34] P. Baseilhac, S. Belliard, The half-infinite XXZ chain in Onsager’s approach, Nucl.
Phys. B 873 (2013) 550-583 [arXiv:1211.6304 [math-ph]].
[35] Z. Tsuboi, On diagonal solutions of the reflection equation, J. Phys. A: Math. Theor.
52 (2019) 155201 [arXiv:1811.10407 [math-ph]].
[36] H. Yamane, On defining relations of affine Lie superalgebras and affine quantized
universal enveloping superalgebras, Publ. Res. Inst. Math. Sci. 35 (1999) 321-390;
errata: Publ. Res. Inst. Math. Sci. 37 (2001) 615–619 [arXiv:q-alg/9603015]; H.
Yamane, Examples of the defining relations of the quantum affine superalgebras,
http://www3.u-toyama.ac.jp/hiroyuki/pdf/pdf1.pdf
[37] S. Khoroshkin, V. Tolstoy, Twisting of quantum (super)algebras. Connec-
tion of Drinfeld’s and Cartan-Weyl realizations for quantum affine algebras
[arXiv:hep-th/9404036].
[38] S. M. Khoroshkin, V. N. Tolstoy, Universal R-matrix for quantized (super)algebras,
Commun. Math. Phys. 141 (1991) 599-617.
[39] L. D. Faddeev, N. Y. Reshetikhin, L. A. Takhtajan, Quantization of Lie Groups and
Lie Algebras, Leningrad Math. J. 1, 193-225 (1990) [Alg. Anal. 1, 178-206 (1989)].
[40] Y.-Z. Zhang, Comments on Drinfeld Realization of Quantum Affine Superalgebra
Uq[gl(m|n)
(1)] and its Hopf Algebra Structure, J. Phys. A: Math. Gen. 30 (1997)
8325-8335 [arXiv:q-alg/9703020].
[41] E. Frenkel, E. Mukhin, The Hopf algebra RepUq gˆl∞, Selecta Mathematica, New
Series 8 (2002) 537-635 [arXiv:math/0103126 [math.QA]].
[42] J. H. H. Perk, C. L. Schultz, New families of commuting transfer matrices in q state
vertex models, Phys. Lett. A 84, 407-410 (1981).
[43] I. V. Cherednik, On a method of constructing factorized S matrices in elementary
functions, Theor. Math. Phys. 43 (1980) 356-358.
[44] R. B. Zhang, Universal L operator and invariants of the quantum supergroup
Uq(gl(m|n)), J. Math. Phys. 33 (1992) 1970-1979.
[45] M. Chaichian, P. Kulish, Quantum Lie Superalgebras and q-Oscillators, Phys. Lett.
B 234, 72-80 (1990).
[46] M. Finkelberg, A. Tsymbaliuk, Multiplicative slices, relativistic Toda and shifted
quantum affine algebras, arXiv:1708.01795 [math.RT].
[47] N. Reshetikhin, Multiparameter quantum groups and twisted quasitriangular Hopf
algebras, Lett. Math. Phys. 20:331 (1990).
35
[48] L. Cantini, J. de Gier, M. Wheeler, Matrix product formula for Macdonald polyno-
mials, J. Phys. A: Math. Theor. 48 (2015) 384001 [arXiv:1505.00287 [math-ph]].
[49] M. Wheeler, P. Zinn-Justin, Hall polynomials, inverse Kostka polynomials and puz-
zles, J. Combin. Theory Ser. A 159 (2018) 107-163 [arXiv:1603.01815 [math-ph]].
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